An analytical model is presented for structure-borne sound transmission at a bolted junction in a rib-stiffened plate structure. The model is based on the wave approach for junctions of semiinfinite plates and calculates coupling loss factors required by Statistical Energy Analysis. The stiffening rib is modelled as a plate strip and the junction is represented by an elastic interlayer with a spatially dependent stiffness. Experimental verification is carried out on a series of Plexiglas plate structures with varying rib depth and bolt spacing. A well-defined connection length at the junction was created by inserting thin spacers between the plate and the rib at each bolt. Comparison between numerical and experimental data for this case showed good agreement. Measured results for the bolted junction without spacers, suggested that structureborne sound transmission could be modelled as a series of connections characterized by an equivalent connection length. This concept is explored further by determining an optimum connection length which gives the best agreement between numerical and experimental data.
I. INTRODUCTION
The application of Statistical Energy Analysis 1 (SEA) for predicting the vibro-acoustic response of complex structures requires accurate models for structure-borne sound transmission at junctions between plates and beams. In SEA, coupling loss factors quantify the energy flow between coupled plates and are usually calculated by modelling the interaction of plane waves at a junction of corresponding semi-infinite plates. This wave approach has been developed primarily for line connections between semi-infinite plates and infinite beams. In automotive, aerospace and light-weight building structures, many plate junctions are created using rivets, spot weldings, bolts, screws or nails. These junctions generally behave as line connections as long as the wavelengths in the plate are large compared to the fastener spacing. At high frequencies, the plate and rib surfaces between the fastening points do not move in phase, and the junction acts as an array of local connections rather than as a line connection.
This paper investigates structure-borne sound transmission at a bolted junction between a plate and a rib. This type of junction is commonly applied in walls and floors in light-weight building structures, and a thorough understanding of the dynamic behaviour of these junctions is necessary for studying the effects of flanking transmission. The main objective of this paper is to investigate whether a bolted junction should be modelled by considering an equivalent connection length between the connected elements in the vicinity of each fastener. For this purpose, an analytical calculation model is developed for junctions of semi-infinite plates and plate strips, coupled by an elastic interlayer with spatially varying stiffness.
Calculation models predicting structure-borne sound transmission between plates have been published by several authors and the complexity of the modelled junctions has increased considerably over the last two decades. Structure-borne sound transmission at a variety of plate and beam junctions has been studied by Cremer et al. 2 for the cases of normal and random incidence. Low frequency approximations were derived for the normal incidence bending wave transmission loss at corner, tee and cross junctions. The more complicated case including conversion between bending and in-plane waves has been treated for a corner junction. Apart from rigid connections, Cremer's work included junctions with elastic interlayers as well as plate/beam junctions.
Kihlman 3 derived closed form expressions for bending and in-plane wave transmission at symmetric cross-junctions. The symmetry of the junctions simplified the analysis significantly, since in-plane waves are generated only in the plates perpendicular to the excited plate. More general cases of corner, tee and cross junctions including bending, quasi-longitudinal and transverse waves were solved several years later. Wöhle et al. 4 ,5 modelled a junction of semiinfinite plates rigidly attached to a massless beam. Craven et al. 6 and Gibbs et al. 7 developed a similar calculation model but their approach used a different formulation of the boundary conditions and included the internal loss of the plate material.
Junctions of elastically connected plates are traditionally modelled by introducing a spring element between the connected plates. 2, 4, 5 This approach has been applied by Craik and Osipov 8 when modelling structure-borne sound transmission involving elastically supported walls in buildings. Mees and Vermeir 9 used a more sophisticated model and treated the elastic layer as a wave supporting medium.
With respect to the properties of the connected plates, most of the authors adopted thin plate theory to describe the bending response and considered junctions of isotropic plates.
McCollum et al. 10 used thick plate theory to model bending and in-plane wave transmission at a corner junction. Bosmans et al. 11 developed a model for junctions of thin orthotropic plates and discussed its application in the context of an SEA calculation scheme.
Bending wave transmission between plates connected by a common beam has been investigated by Cremer et al. 2 Steel 12 applied a more extensive theory to predict flanking transmission in framed buildings. The analysis included all wave types and the description of the dynamic behaviour of the beam allowed for a spring-like deformation of the beam cross-section.
Langley et al. 13 15 for predicting structure-borne sound transmission across a line connected stiffening rib in an orthotropic plate. Craik et al. 16 applied a plate strip model to predict vibration transmission between the leafs of light-weight walls.
Most of the models published in literature were developed for plates connected along a line. Structure-borne sound transmission between point connected plates has traditionally been modelled using the modal approach in SEA. 1 In this approach, coupling loss factors are expressed in terms of point mobility functions. Since this simplified model assumes that each point connection is acting independently, the typical transition from line to point connection with increasing frequency is not included in the theory. Craik et al. 16 used the modal approach to model point connections between a beam and two parallel plates. Bosmans and Vermeir 17 presented a more complete theory where a point connected plate junction is modelled using an interlayer with a spatially dependent stiffness. The spatial variation is assumed to be periodic and the plate response is described by a scattered wavefield. Since no simplifying assumptions concerning the interaction between the various connections were introduced, this model is applicable for practically any ratio of the structural wavelength to the point spacing. Heron 18 discusses a similar technique to formulate the plate response at a junction of point connected plates. The cross transfer matrix description of each connection incorporates all six degrees-offreedom, but assumes an infinitely small connection length. The latter assumption may not be appropriate when the size of the connection is comparable to the wavelengths in the plate.
In this paper, the plate strip approach and the point connection theory of Refs. 15 and 17 are combined to model structure-borne sound transmission across a stiffening rib which is attached to a plate using equally spaced bolts. The accuracy of this model is demonstrated by experimental verification for the case where spacers are inserted at each point connection to create a well-defined connection length. Experimental results for the case without spacers is compared to numerical data obtained for a variable width of the connections. By comparing these data, it is shown that the transmission across a bolted stiffening rib can be modelled using an equivalent connection length.
II. CALCULATION MODEL
The calculation model is based on the wave approach for periodic junctions of semi-infinite plates as discussed in Ref. 17 . The basic principles of this approach are illustrated in Fig. 1 .
Consider an incident plane wave, with wavenumber k i and angle of incidence θ i , traveling toward the junction on one of the plates. The periodic boundary condition at the junction, characterized by a spatial period L, causes diffuse reflection and transmission of structure-borne sound waves on the source and receiving plates. 17 The forces and displacements at the edges of the coupled plates are expressed in terms of the unknown amplitudes of the waves in the resulting scattered wavefields. The wave amplitudes are calculated as the solution of a system of equations consisting of equilibrium and continuity conditions at the junction. Structure-borne sound transmission is evaluated by the angle dependent transmission coefficient, which is obtained as the ratio of the intensities carried by the incident and transmitted waves. By integrating the transmission coefficient over all angles of incidence, an angle-averaged result is obtained which may be used to calculate SEA coupling loss factors. only the essential modifications are discussed in this paper. The major difference from the existing model is the introduction of a plate strip at the junction. The model also uses a more complete formulation of the junction eccentricity. These modifications affect the forces and displacements at the junction, as well as the formulation of the boundary conditions. Both aspects are discussed in the following paragraphs. 17 . In this paper, the bolted connection is modelled by a step-wise variation of the spring stiffness, leading to a periodic boundary condition.
A. Junction geometry
Each plate element can be coupled to the junction at any arbitrary coupling angle θ p , which represents the angle between the (x 0 ,z 0 )-plane and the (x p ,z p )-plane (See Fig. 3 ). The fixation point coordinates (x 0p ,y 0p ) locate the point in the global coordinate system where the plate is assumed to be attached to the junction. These coordinates determine the eccentricity by which a plate is mounted at the junction.
B. Plate strip response at a periodic junction
The harmonic unit amplitude plane wave traveling toward the junction on the source plate is described by (the time dependence e jωt is omitted in the following equations):
(1) where x and z refer to the local coordinate system. To satisfy the periodic boundary conditions imposed by a periodic interlayer with spatial period L, the response of the plates is given by a superposition of plane waves traveling away from the junction:
where A n denotes the wave amplitude. The maximum number of wave components N is determined based on convergence criteria. An expression for the wave number k x can be derived by substituting Eq. (2) into the appropriate equations of motion. Substitution of Eq. (2) into the thin plate bending wave equation yields four wavenumbers per wave component n.
In case of a semi-infinite plate, valid wavenumbers are either real and positive, or imaginary and negative. The first set of wavenumbers correspond to waves traveling away from the junction, and the second set to exponentially decaying nearfields. As a result, the general solution for the bending wave response is given as:
where the wavenumbers k Bxn1 and k Bxn2 are given in Ref. 17 . Since the remaining bending wave parameters (α zp ,F yp ,M zp ) can be expressed in terms of the transverse displacement η p , they can be written in a form very similar to Eq. (3). As a result, the x-dependent part corresponding to wave component n for all bending wave parameters, can be written as a function of the unknown bending wave amplitudes A n and B n : 
The coefficient matrix 
In case of a plate strip, a free plate edge is introduced parallel to the junction, at a distance L x from the coupled plate edge (See Fig. 2 ). Reflections from the free edge must be taken into account and the bending wave response of the strip is determined by waves traveling in the positive as well as in the negative x-direction. Consequently, Eq. (4) should be rewritten as: 
The superscripts + and -in Eq. (7) refer to the amplitudes of right and left running waves, respectively. In order to reduce the number of unknowns, it is desirable to eliminate the left running wave amplitudes based on the free boundary condition at x=L x . At this edge, F yp and M zp are equal to zero, which implies that F ypn (L x ) = M zpn (L x ) = 0 for every wave component n. By rearranging Eq. (7) for x=L x , it is possible to express 
The forces and displacements at x=0 of a plate strip can be evaluated by substituting
in Eq.
(6). As a result, the boundary conditions of plate strips and semi-infinite plates are described in exactly the same form. Consequently, the elimination of unknowns has improved the computational efficiency, without significantly increasing the complexity of the model. Although the previous analysis was restricted to bending waves, the same procedure can be applied to inplane waves.
C. Boundary conditions.
The boundary conditions at the junction consist of equilibrium conditions of the junction beam and of continuity conditions between the displacements of the plate edge and the corresponding displacements of the junction beam. The equilibrium conditions are expressed in the global coordinate system, whereas the continuity conditions are formulated in the local coordinate system.
Equilibrium of the junction beam in the x 0 -direction is described by:
where the summation is taken over all plates. The third term in Eq. (12) accounts for the additional bending moment applied to the junction beam by the in-plane shear force F zp . Since bending of the junction beam is caused by forces acting normal to the beam axis, the influence of the in-plane shear force is taken into account by an equivalent force in the x 0 -direction. The equilibrium condition for the remaining degrees-of-freedom are written as: 
Similar expressions can be obtained for Eqs. (13) (14) (15) .
The continuity conditions of a plate coupled to a periodic elastic interlayer are given by:
In these equations, K x (z), K y (z), K z (z) and K rz (z) represent the space dependent, periodically varying spring stiffness of the elastic interlayer. 17 For local connections with a finite width, the spring stiffness is constant over the width of each connection, and zero elsewhere. For idealized point connections, the spring stiffness is expressed in terms of a dirac function. The two partial derivatives in Eq. (19) correspond to the rotation of the junction beam cross-section around the x 0 -and y 0 -axes. By applying the same procedure as the one used to derive Eq. (16), each continuity condition is expressed by 2N+1 equations. 17 Application of this procedure to Eq. (17) leads to the following expression:
An expression for the stiffness coefficient K xmn is given in Ref. 17 . Similar expressions are obtained for Eqs. (18) (19) (20) . The equilibrium and continuity conditions derived from Eqs. (12) (13) (14) (15) and (17) (18) (19) (20) are combined with Eq. (6) to create a set of equations in the unknown wave amplitudes. The solution of this set of equations is then used to calculate the intensity carried by the waves transmitted at the junction.
III. EXPERIMENTAL VERIFICATION ON BOLTED JUNCTIONS WITH SPACERS
In this section, the calculation model is validated on a bolted junction between a plate and a stiffening rib (Fig. 4) , where thin metal spacers were inserted between both elements to create a For each depth of the rib, three bolt spacings were considered, as listed in Table I . The bolted junction is illustrated in Fig. 6 . At each fastener, a square metal spacer (0.0187 x 0.0187 x 0.0006 m) was inserted between the plate and the rib. The interlayer stiffness corresponding to the metal spacers was calculated using the following literature data: E = 7.1⋅10 10 Pa and ν = 0.3.
The bolts were driven in the rib manually using a torque wrench. It was found that increasing the torque above 4.2 Nm did not noticeably affect the measured results. The additional mass introduced at the junction by the bolts, washers and spacers (5.6 g per connection) was not taken into account in the model.
Velocity level difference (VLD) measurements were carried out using a two channel technique as reported by Craik. 20 Using this method, the transverse velocity level is measured in one randomly positioned measurement point on each plate while the source plate is excited randomly using a light impact device. The average VLD between the source and the receiving plate is estimated by repeating this procedure for several pairs of measurement points until the average converges to a stable value.
For the calculations, the Plexiglas sheet was modelled as two semi-infinite plates with coupling angles θ p = 0° and 180°. For both plates, the fixation point coordinates (x 0p ,y 0p ) were assumed to coincide with the origin of the global coordinate system. The stiffening rib was modelled as a plate strip with coupling angle θ p = 90° and fixation point coordinates (0,h p /2), where h p denotes the thickness of the Plexiglas sheet. The spacers are modelled by a periodic elastic interlayer connecting the plate strip to the junction beam. The coupling loss factor corresponding to bending wave transmission between both plates was calculated in frequency steps of 1/27 of an octave, and then averaged to obtain one-third-octave band results from 100 to 5000 Hz. The VLD between both plates was estimated using a simple SEA model which consisted of two subsystems corresponding to bending waves on both plates. The rib was not included in the SEA model, since its influence was taken into account when calculating the coupling loss factors. 15 Further, in-plane wave subsystems were not considered since their influence is only important for complex structures involving many junctions and long transmission paths. 21 Strong coupling effects, which might bias SEA predictions for two nominally identical rectangular plates, are not expected to be important since the modal overlap factors of both bending wave subsystems exceed unity above 160 Hz.
Measured and predicted data for the junction with a 5 cm rib are compared in Fig. 7 for the three cases of point spacing. The measured VLD for the case with 16 connections displays a pronounced peak at 1 kHz. At this frequency, an anti-resonance of the stiffening rib significantly reduces the rotation of the junction, leading to a reduction in bending wave transmission. 15 The predicted data also show a maximum in the VLD, but its location is shifted to a higher frequency. The measured results also show a less pronounced maximum at 315 Hz, which is not predicted by the model. These discrepancies might be explained by uncertainties in the measured material properties, inaccuracies in the modelled boundary conditions of the plate strip or the fact that the inertia due to the fasteners was neglected in the model. Overall, the agreement between theoretical data and measured results is fair since both curves show a similar trend. Good agreement is achieved for the case with 8 connections in Fig. 7b , although the peak predicted at 800 Hz seems to be missing in the measured data. The 4 connection case in Fig. 7c clearly shows the best agreement between measurement and prediction. Overall, the agreement between measurement and calculation for the three stiffening ribs in Figs. 7-9 is good. The influence of the rib depth and the number of connections is reliably predicted. The calculation model has a tendency to slightly overestimate the VLD, which
indicates that the coupling strength between the rib and the plate is overestimated. Nevertheless, the model has proven to be suitable to predict structure-borne sound transmission at a periodic junction between a plate and a stiffening rib.
IV. EQUIVALENT CONNECTION LENGTH AT BOLTED JUNCTIONS WITHOUT SPACERS
In many realistic junctions using rivets or bolts, the two connected elements are coupled without spacers. Consequently, there will be contact between both elements over the entire length of the junction, even though the actual contact may be discontinuous over time at some locations.
Modelling structure-borne sound transmission at these junctions is not as straightforward compared to the case with spacers. In this section, it is shown that junctions without spacers can be treated as an array of local connections characterized by an equivalent connection length. For this purpose, an additional series of experiments was carried out on the Plexiglas structure without spacers for all nine combinations of rib depth and bolt spacing. The equivalent connection length is determined for each junction by fitting numerical data to the measured results.
To understand the behaviour of a bolted junction, it is instructive to review some aspects of bending wave transmission between point connected plates. Co-planar junctions of point connected plates are characterized by a 'cut-off' frequency which marks the transition from line connection to point connection. 17 The transition frequency depends on the point spacing and the bending wavelength in the plates. When the plate junction involves local connections with a finite coupling length, the width of each connection also has an influence on the bending wave transmission. This is illustrated by the parametric calculation shown in Fig. 10 for the 5 cm deep rib with 4 bolts. By increasing the width of the connections from one that is infinitely small to one that is equal to the bolt spacing, the junction gradually changes from an idealized point connection to a line connection. Fig. 10 shows that the vibration attenuation increases with increasing connection width. In addition, the transition frequency below which the junction can be considered as a line connection, also increases with increasing coupling length.
The experimental data in Fig. 11a (Fig. 11a ) to the case with spacers (Fig. 11b) , it can be observed that the VLD tends to decrease when spacers are inserted at the junction. Also, the maximum in the VLD for the case with 16 bolts is shifted from 1250 Hz to 1000 Hz as a result of the spacers.
Consequently, the spacers have weakened the connection between the plate and the rib.
These observations suggest that a junction without spacers neither behaves as an idealized point connection nor as a line connection, but as something in between. More specifically, the plates appear to be connected by equally spaced connections with (unknown) finite width, and the spacing between the connections is equal to the bolt spacing. Based on the experimental data in Fig. 11 , the equivalent connection width seems to be greater than the width of the spacers. In the following paragraphs, it is shown that structure-borne sound transmission at a bolted junction can be described by assigning an equivalent connection length to each fastener.
The application of the calculation model presented in Section I to the junction without spacers requires two assumptions. The first assumption concerns the linearity of the problem. In between fasteners, the surfaces of the plate and the rib, which are nominally in contact with each other, move apart and together during one cycle of vibration. The discontinuous contact between both elements essentially causes the motion in between two fasteners to be non-linear.
Consequently, the application of the theory of Section I requires the assumption that the nonlinearity can be ignored and that the transmission at the bolted junction can be described using a linear model.
The second assumption is that the additional damping caused by air pumping can be neglected and that the junction can be treated as a conservative junction. Fortunately, Plexiglas has a relatively high internal damping, and the additional damping due to air pumping, as estimated using the procedure given by Ungar et al. 22 , generally represents only a small fraction of the internal loss factor. In fact, these small differences would be rather difficult to measure, since the uncertainty of the decay time measurement for the Plexiglas sheet is of the order of 10%. Consequently, the numerical results presented below are based on the same damping data as those used in Section II.
To evaluate the concept of an equivalent connection length, a parametric calculation is carried out with varying width w l of the connections (See Fig. 1 ). In the absence of the spacers, the periodic interlayer was rather arbitrarily chosen as a 1 mm thick layer of Plexiglas. For a particular combination of rib depth and bolt spacing, the equivalent connection length, w e , is determined as the connection width which minimizes the rms prediction error averaged over all one-third octave bands. The measured data for the junctions without spacers, together with the results calculated using the equivalent connection lengths are shown in Figs. 12-14 . The equivalent connection lengths w e are listed in Table II for all combinations of rib depth and bolt spacing. Also shown in Figs. 12-14 are the results for the extreme cases considered in the parametric calculations: idealized point connection (infinitely small connection length at each bolt) and continuous line connection. The point connection and the line connection correspond to the weakest and the strongest coupling, respectively, between the rib and the plate, and the difference between both cases increases with increasing bolt spacing.
The experimental data and the numerical results corresponding to the equivalent connection length for the 5 cm deep rib are given in Fig. 12 . In all three cases, the best agreement between measurement and calculation is obtained when using the equivalent connection length.
The measured data for the junction with 16 bolts approaches the results for a line connection, the main difference being a shift in the peak of the VLD. The junction with 8 bolts clearly represents an intermediate case between a line and a point connection. Fig. 12c demonstrates that the junction with 4 bolts can be modelled in first approximation by a point connection, although the latter approach leads to a systematic underestimation of the VLD.
Good agreement is also achieved when using the equivalent connection length for the 10 cm deep stiffening rib, as illustrated in Fig. 13 . When excluding the large discrepancy around 315 Hz in Fig. 13a , the rms prediction error is less than 1.5 dB for all cases of bolt spacing. The predictions using a line connection are very accurate for the junction with 16 bolts, and work equally well for the case with 8 bolts below 4 kHz. The junction with 4 bolts represents an intermediate case, as the measured VLD lies between those of the line and point connections.
The calculations using the idealized point connections consistently underestimate the VLD above 250 Hz for all cases of bolt spacing.
The comparison between measured and calculated data for the 23.5 cm rib in Fig. 14, reveals an overestimation of the VLD when using the equivalent connection length at low frequencies. A similar overestimation was observed for the junction with spacers in Fig. 9 .
Further, the measured VLD at high frequencies for the junction with 16 bolts in Fig. 14a is higher than predicted using a line connection. As a result, good agreement could only be shows that an increase in w e does not necessarily correspond to an increase in the ratio w e /L. In most cases, this ratio actually decreases with increasing bolt spacing. Unfortunately, the sensitivity of the equivalent connection length to the rib depth does not show a clear trend. This may be caused by the fact that the calculation model has a limited accuracy and is based on a number of simplifying assumptions. Consequently, inaccuracies of the model might influence the estimate of the equivalent connection length which is determined by minimizing the prediction error. As a result, there may not be a clear relationship between the equivalent length and the physical properties of the junction.
Overall, the results in Figs. 12-14 illustrate that an appropriate choice of the connection width yields calculated data which agree well with measured results. Although the equivalent connection length was assumed to be frequency independent, the calculated data matched the measured results in most of the frequency range. Consequently, it was demonstrated that a bolted plate/rib junction can be modelled by assigning an equivalent connection length to each fastener.
It should be stressed that the equivalent connection length does not represent a physical parameter, since the detailed behaviour of the junction in reality is much more complex. The results of this paper merely show that a structure-borne sound transmission model, which incorporates the periodic boundary condition of a bolted junction, can be improved if a finite connection length is assigned to the fasteners.
V. CONCLUSIONS
Structure-borne sound transmission at a bolted junction between a plate and a stiffening rib is investigated theoretically and experimentally. A calculation model was presented where the rib was modelled as an infinite plate strip and the bolted connection was treated as an elastic interlayer with periodically varying elastic properties. The model was verified experimentally on a Plexiglas structure where thin metal spacers were inserted between the plate and the rib.
Several combinations of the rib depth and bolt spacing were considered and good agreement was achieved between measured and calculated data. Experimental results on a similar structure without spacers demonstrated that the bolted junction behaves as a series of local connections.
By comparing measured data to the results of a parametric calculation, an equivalent connection length was determined for each bolt. Measured and calculated results showed good agreement, which confirmed that a bolted junction between a plate and a rib can be modelled using an equivalent connection length. Unfortunately, a clear relationship between the equivalent connection length and the physical properties of the junction could not be identified. This is suggested for future work. 
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